ABSTRACT Fast Radio bursts (FRBs) are bright transients with millisecond duration at ∼ GHz frequencies, whose physical origin is subject to intense debate. Most FRBs are located at high galactic latitudes and have anomalously large dispersion measures (DMs). Attributing DM to an intergalactic medium origin, the corresponding redshifts z are around 0.5 − 1. In this case, FRBs have great chance to be gravitationally lensed by intervening galaxies. Since in a lensed FRB system, the time delay between images can be measured to extremely high precision because of the large ratio ∼ 10 9 between the typical galaxy-lensing delay time ∼ O(10 days) and the narrow width of the bursts ∼ O(ms), we propose accurate measurements of time delays between images of lensed FRBs as a powerful probe for precision cosmology. Here we show that, within the flat ΛCDM model, the Hubble constant H 0 can be constrained with an uncertainty of 0.48% from accurate measurements of time delays of 10 such systems. More importantly, on the basis of the distance sum rule, the cosmic curvature will be constrained to a precision of ∼ 0.056 in a model-independent way. Such a direct and modelindependent constraint on the cosmic curvature will provide a stringent direct test for the validity of the Friedmann-Lemaître-Robertson-Walker (FLRW) metric and break the intractable degeneracy between the cosmic curvature and dark energy, offering the opportunity in investigating the nature of dark sectors of the universe.
1. INTRODUCTION Up to now, more than 20 FRBs have been published (Petroff et al. 2016) . One of them, FRB 121102, shows a repeating feature (Spitler et al. 2016) . The repetition of FRB 121102 enables high-time-resolution radio interferometric observations to directly image the bursts, leading to the localization of the source in a starforming galaxy at z = 0.19273 with sub-arcsecond accuracy (Chatterjee et al. 2017) . The cosmological origin of the repeating FRBs is thus confirmed. For other FRBs, although no well-established evidence being published, they are also strongly suggested to be of an extragalactic or even a cosmological origin, due to their all-sky distribution and their anomalously large dispersion measures (DMs) (Thornton et al. 2013) . It is possible that all FRBs might be repeating, and only the brightest one is observable. On the other hand, it is also possible that repeating and non-repeating FRBs may originate from different progenitors (Palaniswamy & Zhang 2017) .
Current FRB observations suggest a sufficiently high all-sky FRB rate of ∼ 10 3 −10 4 per day (Thornton et al. 2013; Champion et al. 2016) . Upcoming surveys such as APERture Tile In Focus (APERTIF) being developed for the Westerbork Synthesis Radio Telescope (WSRT) (Verheijen et al. 2008) , the Swinburne University of Technology's digital backend for the Molonglo Observatory Synthesis Telescope array (UTMOST) (Caleb et al. 2016) , the Hydrogen Intensity and Realtime Analysis eXperiment (HIRAX) (Newburgh et al. 2016) , the Canadian Hydrogen Intensity Mapping Experiment (CHIME) (Bandura et al. 2014) , and the Square Kilometer Array (SKA) (Macquart et al. 2015) will map a considerable fraction of the sky and the daily detections of FRBs will likely reach the order of hundreds.
More interestingly, FRBs are expected to be gravitationally lensed by intervening galaxies, since they can be visible out to cosmological distances. For an FRB happening at z ∼ 1, the probability for it to be strongly lensed is ∼few 10 −4 (Hilbert et al. 2008) . In this case, the radio surveys, such as CHIME, will have the ability to find a few tens of strongly lensed FRBs per year (Li & Li 2014; Muñoz et al. 2016; Dai & Lu 2017) . According to the current data, at least 5% (1/20) observed FRBs are repeating FRBs. With a conservative estimate, ∼10 strongly lensed repeating FRBs are expected to be accumulated within 3-5 years with the operation of CHIME.
Typical radio survey telescopes are not able to spatially resolve multiple images of FRBs, since the separation between different lensed FRB images is of the order arcseconds, while the typical angular resolution of the survey telescopes is of the order 10 arcminutes. Therefore, lensed non-repeating FRBs may be observed as a repeating FRB, showing two to four bursts with respective time delays of several days. The DM value and the scatter-broadening of each burst could be slightly or even significantly different from each other depending on the plasma properties along different lines of sight. It is therefore difficult to identify the lensed non-repeating FRBs. For repeating FRBs, a series of image multiplets from the same source will exhibit a fixed pattern in their mutual time delays, appearing over and over again as we detect the repeating bursts (Dai & Lu 2017) . According to the observations of FRB 121102 (which is not lensed), the intrinsic repetition happens randomly. Therefore, the temporal pattern could easily help us identify such repeating FRBs as candidate strongly lensed sources. One could then employ more powerful radio telescopes such as VLBI or SKA to observe more repetitions from the source at sub-arcsecond angular scales, resolving multiple images and even identifying the host and the lens galaxies.
Time delays between images of these systems can be measured to high precision thanks to the large ratio ∼ 10 9 between the typical galaxy-lensing delay time ∼ O(10 days) and the short duration of an FRB ∼ O(ms). Moreover, due to overwhelmingly accurate localizations of lensed FRB images from deep VLBI observations (or future SKA observations) and a clean high-resolution image of the host galaxy without a dazzling active galactic nucleus (AGN), the mass profile of the lens can be also modeled with high precision. Therefore, we propose that lensed FRB systems can be a powerful probe for studying cosmology. Lensing theory predicits that the difference in arrival time between image A and image B, i.e. the "time delay" ∆τ AB , is expressed as
where ∆Φ AB is the Fermat potential difference between the two image positions, D ∆t , the so-called "time delay distance", is just a multiplicative combination of the three angular diameter distances (D L : from the observer to the lens, D S : from the observer to the source, D LS : from the lens to the source). This quantity has the dimension of distance and is inversely proportional to the Hubble constant, H 0 , which sets the age and length scale for the present universe and is one of the most important parameter for cosmology. Therefore, the time delay distance D ∆t is primarily sensitive to H 0 and that measured from lensed quasar systems has been used to measure the Hubble constant. Moreover, the relations among these three angular diameter distances is highly dependent on the geometric property of the space. For example, qualitatively and intuitively, D S is greater, equal to, or smaller than D L +D LS if the space is open, flat, or closed, respectively. Therefore, in combination with distances from type Ia supernova (SNe Ia) observations, the time delay distance can be used to directly measure the spatial curvature Ω k in a cosmological-model-independent way. Almost two decades after revealing the accelerating universe (Riess et al. 1998; Perlmutter et al. 1999) , the web of observational evidence for this remarkable phenomenon has become intricate and robust. A wide range of observations, such as larger and better calibrated SNe Ia samples over a wider range of redshift, highprecision cosmic microwave background (CMB) data down to small angular scales, the baryon acoustic oscillation (BAO) scale in galaxy clustering, and local measurements of the Hubble constant H 0 , are all consistent with an inflationary cold dark matter model with a cosmological constant Λ, commonly abbreviated as ΛCDM. Nowadays, the question is no longer whether the universe is accelerating, but why. On one hand, thanks to significant improvements of these popular probes, some fundamental parameters, such as H 0 , the curvature parameter Ω k , and the matter density parameter Ω m , have been constrained with great precision. On the other hand, these improvements of measurements revealed the fact that the results obtained from different popular probes are sometimes unreconcilable. For instance, recent improvements in the process of measuring H 0 have made possible a 2.4% measurement of it: H 0 = 73.24 ± 1.74 km s −1 Mpc −1 (Riess et al. 2016 ). This direct local measurement increases the tension with respect to the latest P lanck-inferred value (H 0 = 67.74 ± 0.46 km s −1 Mpc −1 ) (Ade et al. 2016 ) to 3.4σ. This tension has been recently widely discussed in the literature and remains an open issue. In this case, it is particularly desirable to employ other powerful probes for cross checking the systematic uncertainties taking advantage of complementary information. Therefore, any novel and precise probe is of great interest in the era of precision cosmology.
2. METHODOLOGY In order to investigate the constraining power of lensed FRBs on some fundamental cosmological parameters, three key points need to be specified: i) the redshift distribution of incoming FRBs; ii) for a source at redshift z s , the lens redshift z l to produce the maximal differential lensing probability; iii) the uncertainty of each factor contributing to the accuracy of time delay distance measurement. In the following analysis, we demonstrate these concerns one by one.
For FRB redshift distribution, we consider two possible cases suggested in Muñoz et al. (2016) . The first one is a constant comoving number density where the number of FRBs in a shell of width dz at redshift z is propotional to the comoving volume of the shell dV (z) (Oppermann, Connor, & Pen 2016) . By introducing a Gaussian cutoff at some redshift z cut to represent an instrumental signal-to-noise threshold, the constantdensity distribution fuction N const (z) is expressed as
where χ(z) is the comoving distance and d L is the luminosity distance. N const is a normalization factor to ensure that the integration of N const (z) is unity and H(z) is the Hubble parameter at redshift z. The second distribution where FRBs follow star-formation history (SFH) (Caleb et al. 2016) would be
where N SFH is the normalization factor and is chosen to have N SFH (z) integrate to unity. The density of starformation history is parametrized aṡ
with α = 0.017, β = 0.13, γ = 3.3, δ = 5.3, and h = 0.7 (Cole et al. 2001; Hopkins & Beacom 2006) . If a cutoff z cut = 0.5 is chosen, these two FRB distribution functions are well consistent with the estimated redshifts for the currently detected FRB (Petroff et al. 2016 ). In our analysis, N const and N SFH are employed to investigate whether cosmological implications from lensed FRBs are dependent on the assumed redshift distributions. Next, we demonstrate that, for a source at redshift z s , the most probable lens redshift z l produces a lensed FRB event. According to the lensing theory (Schneider, Ehlers, & Falco 1992) , the probability for a distant source at redshift z s lensed by an intervening dark matter halo is
where dD p /dz l is the proper distance interval, σ(M, z l ) is the lensing cross-section of a dark matter halo with its mass and redshift being M and z l respectively, n(M, z l )dM is the proper number density of the deflectors with masses between M and M +dM . For a singular isothermal sphere (SIS) lens, the cross-section producing two images with a flux ratio being smaller than r is given by (Li & Ostriker 2002) σ(< r) = 16π
where σ v is the velocity dispersion and c is the speed of light. Moreover, the comoving number density of dark matter halos within the mass range
where ρ 0 is the present value of the mean mass density in the universe, and f (M, z)dM is the Press-Schechter function (Press & Schechter 1974) . For any FRB at redshift z s following the distribution N const or N SFH , we determine the lens redshift z l by maximizing the differential lensing probability. Assuming an SIS-like lens halo of mass M = 10 12 M ⊙ h −1 (h = H 0 /100 km s −1 Mpc −1 ) and r ≤ 5, the function of the lens redshift z l producing the maximal differential lensing probability with respect to the source reshift z s was shown in Figure 2 of (Li & Li 2014 ). In our analysis, this function is used to determine the lens redshift z l for any given source at redshift z s .
Finally, in order to estimate the time delay distance from individual lensing systems for an accurate cosmography, as suggested in Equation (1), it has been recognized that three key analysis steps, i.e., time delay measurement, lens galaxy mass modeling which can be used to predict the Fermat potential differences, and the line of sight (LOS) environment modeling, which is used to account for the weak lensing effects due to massive structures in the lens plane and along the LOS, should be carried out (Treu 2010; Treu & Marshall 2016) . The differences in the arrival times between images can be measured to high precision for a lensed FRB system because of the large ratio ∼ 10 9 between the typical galaxylensing delay time ∼ O(10 days) and the short duration of a typical FRB ∼ O(ms). Compared to the best 3% uncertainty of time delay measurements in traditional lensed quasars (Liao et al. 2015; Suyu et al. 2017) , the precision for the case of FRBs will be greatly improved. In addition, for the lens galaxy mass modeling, it requires a high-resolution, good-quality image of the lensed host galaxy and accurate localizations of the lensed FRB images. For a lensed FRB system, a clean host image without a dazzling active galactic nucleus before or after the fast transient event will allow lens galaxy mass modeling to a considerable precision. Once a strongly lensed repeating FRB is identified by a large field-of-view radio survey such as CHIME, images of the lensed FRBs can be accurately localized from the deep follow-up observations with VLBI or SKA. By simulating two sets of realistic lensed images with and without an AGN on the basis of the current lensing project H0LiCOW (Suyu et al. 2017; Ding et al. 2017) , it was found (Liao et al. 2017a ) that bright point spread functions of AGNs affect the precsion of lens modeling by at least a factor of 5. Since current lens modeling technique can reconstruct the Fermat potential with a 3% uncertainty for a lensed quasar system (Suyu et al. 2017) , we conclude that for a lensed FRB system, lens modeling would yield the Fermat potential with a 0.6% uncertainty. Finally, for LOS environment modeling, we consider that it also contributes an extra systematic uncertainty at 1% level to the lens potential as suggested by the H0LiCOW program (Suyu et al. 2017) . and Ω m = 0.3) and three factors outlined above specified, we perform 10000 simulations each containing 10 lensed FRB systems and obtain the probability distribution of the estimated H 0 using Markov Chain Monte Carlo minimization. Two different redshift distributions, N const (z) and N SFH (z), are considered. They do not lead to significant differences in the constraint on H 0 and consistently give stringent constraints with a ∼ 0.48% uncertainty. Results are shown in Figure 1 . It is suggested that compared to the currently available results, ∼ 10 lensed FRBs will have obvious predominance in precision in constraining H 0 . For instance, it improves by a factor ∼ 68 with respect to the current state-of-the-art case of lensed quasars (Suyu et al. 2017 ). As mentioned above, the 3.4σ tension between the local-distance-ladder measurement of the Hubble constant H 0 and that inferred from the P lanck satellite assuming the flat ΛCDM model is an interesting and currently topical problem. Lensed FRBs, as a powerful probe and completely independent dataset based on a different physical phenomenon, would provide complementary information and therefore are of vital importance to clarify this issue.
In addition to constraining the Hubble constant within the flat ΛCDM model, one also give a model-independent estimate of the cosmic curvature using lensed FRBs. The spatial curvature of the universe is one of the most fundamental parameters. On one hand, estimating the curvature is a robust way to test the assumption that the universe is exactly described by the homogeneous and isotropic Friedmann-Lemaître-RobertsonWalker (FLRW) metric (Clarkson, Bassett, & Lu 2008) . On the other hand, the spatial curvature is also closely related to some other important problems such as the evolution of the universe and the nature of dark energy (Clarkson, Cortês, & Bassett 2007) . Recently, in (Räsänen, Bolejko, & Finoguenov 2015) , a consistency test for the validity of the homogeneous and isotropic background on the basis of the sum rule of distances along null geodesics of the FLRW metric (Peebles 1993 )
where Ω k is the curvature density parameter describing the geometry of three dimensional space,
, and d ls = d(z l , z s ) are the dimensionless comoving angular diameter distance from the observer to the lens, from the observer to the source, and from the lens to the source, respectively. More recently, we upgraded the distance sum rule and rewrote it as (Liao et al. 2017b )
where
to test the FLRW metric and estimate the cosmic curvature with time delay distance measurements. In this work, we examine the power of lensed FRBs for estimations of the cosmic curvature via Equation 9. Results are presented in Figure 2 . We find that the constraints from lensed FRBs with the two considered redshift distributions are very similar and the spatial curvature parameter can be constrained to a precision of ∼ 0.056.
Results from lensed FRBs and other currently available model-independent methods are presented in Figure 2 . Again, in this model-independent domain, lensed FRBs are the most promising tools for constraining the cosmic curvature. Moreover, the precision of the results from lensed FRBs potentially approach that inferred from the P lanck satellite observations within the standard ΛCDM model (|Ω k | < 0.005) (Ade et al. 2016) . Having modelindependent and direct measurements of the same quantity is of utmost importance. In the absence of signicant systematic errors, if the standard cosmological model is the correct one, indirect (model-dependent) and direct (model-independent) constraints on this parameter should be consistent. If they were significantly inconsistent, this would provide evidence of physics beyond the standard model or unaccounted systematic errors.
4. CONCLUSIONS AND DISCUSSIONS In conclusion, we propose strongly lensed FRBs as a powerful cosmological probe. First, we investigate the constraining power of lensed FRBs on the Hubble constant and find that 10 such systems can achieve an uncertainty of 0.48% in the flat ΛCDM with the matter density parameter fixed. In precision cosmology, precision is not sufficient by itself. Besides controlling the known statistical errors, current or future experiments need to control systematic errors to fulfill their potential. The most direct way to demonstrate systematic errors is to cross-check independent measurements which have comparable precision. In this sense, lensed FRBs, as a completely independent dataset based on different physical phenomenon, are of great significance for further improvements. Second but more interestingly, we propose to model-independently estimate the cosmic curvature with lensed FRBs on the basis of the distance sum rule. For 10 such systems, it is suggested that the cosmic curvature will be constrained to ∼ 0.056 which is the most precise result among model-independent estimations and is nearly comparable with that inferred by the P lanck satellite within the standard ΛCDM model. This improvement is not only helpful for breaking the tough degeneracy between the spatial curvature and dark energy, and therefore is of utmost importance for exploring the nature of dark sectors of the universe, but also achieves a direct and robust test for the validity of the FLRW background.
In practice, one of the most important advantages for lensed fast transients, such as FRBs and gravitational waves from binary merging, as a powerful cosmological probe is that time delays between images can be measured to extremely high precision thanks to the large ration between the typical delay time and the short duration. The other merit is that the lens mass can be accurately modeled owing to high-resolution images of the lensed host galaxy without a dazzling AGN. Moreover, images of a repeating FRB can be localized with great precision, which is also very helpful for lens modeling, thanks to the high angular resolution of VLBI or upcoming SKA. Therefore, it is likely that many more significant discoveries in this relatively infant field, including strongly lensed repeating FRBs, should be expected in the near future.
